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Abstract. A class of skew derivations on complex Noetherian general-
ized down-up algebras L = L(f, r, s, γ) is constructed.
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1. Motivation and introduction
Determining which classes of non-commutative algebras correspond to smooth
non-commutative varieties or manifolds is one of the outstanding problems of
non-commutative geometry or NCG. In a recent proposal [6] it is argued that
a possibility of constructing a suitable graded differential algebra or a differ-
ential structure should determine smoothness of a non-commutative variety.
This kind of smoothness is referred to as differential. The proposal involves
a strict Poincaré type duality between differential and integral forms (the
reader might like to consult [4] for a concise explanation of terms involved)
and is constructive in nature. Despite some recent progress in uncovering
functorial ways of checking differential smoothness [5] one needs to study
algebras on case by case basis and construct suitable differential and inte-
gral complexes. In the background for such complexes one often finds skew
derivations, which can be understood as vector fields in NCG.
Motivated by the role skew derivations play in NCG, in particular in
constructing smooth structures, in [1] we undertook a detailed study of skew
derivations on generalized Weyl algebras [9]. Despite their almost naïve sim-
plicity, generalized Weyl algebras include an astounding number of examples
that appeared and still appear in NCG, and in other algebraic contexts. In
this note we concentrate on one such example in the latter class.
Generalized down-up algebras were introduced by Cassidy and Shelton
in [8] as a generalization of the down-up algebras of Benkart and Roby [7].
Significant, classical examples of generalized down-up algebras include the
enveloping algebra of sl2, and the enveloping algebra of the 3-dimensional
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Heisenberg Lie algebra. More recent examples are various algebras similar to
the enveloping algebra of sl2 such as those introduces by Smith [12], Witten
[14], Le Bruyn [11] and Rueda [13]. Generalized down-algebras are affine
algebras of Gelfand-Kirillov dimension three, i.e. they can be interpreted as
coordinate algebras of three-dimensional non-commutative varieties, and in
the case in which they are Noetherian domains (on which we focus in this
note), it is natural to ask whether they are differentially smooth. In this note
we do not attempt to answer this question, but rather provide the first paving
stones for a path that might lead to an answer by constructing a class of skew
derivations.
2. Generalized down-up and Weyl algebras
Let k be an algebraically closed field of characteristic zero. Fix scalars r, s, γ ∈
k and a polynomial f ∈ k[X ]. A generalized down-up algebra L := L(f, r, s, γ)
[8] is a unital associative k-algebra generated by d, u and h, subject to rela-
tions:
dh− rhd+ γd = 0, hu− ruh+ γu = 0, du− sud+ f(h) = 0.
When f has degree one, we retrieve all down-up algebras of [7]. It was ex-
plained in [8] that L has Gelfand-Kirillov dimension three and it is Noetherian
if and only if it is a domain, if and only if rs 6= 0. From now on, we always
assume rs 6= 0, and we also set k = C.
L is said to be conformal if there exists a polynomial g ∈ C[X ] such that
f(X) = sg(X)− g(rX − γ), e.g. L(0, r, s, γ) is conformal. By [8, lemma 2.8],
L is conformal if s 6= ri for all 0 ≤ i ≤ deg(f) (this is a sufficient, but not
necessary condition for conformality). If r 6= 1, then, by [2, Propostion 1.7],
any generalized down-up algebra is isomorphic to one with γ = 0. A general-
ized down-up algebra L(f, r, s, 0) is conformal if and only if r 6= si for all i in
the support of f (i.e. for those i ∈ N, for which X i has a non-zero coefficient
in the expansion of f(X)). In this case the support of g can be assumed to
be equal to that of f , and then g is uniquely determined by f ; in particular
deg(f) = deg(g).
Given an algebra R, an automorphism ϕ of R and a central element
a ∈ R, the generalized Weyl algebra R(a, ϕ) is a ring extension of R generated
by x and y, subject to the relstions:
xy = ϕ(a), yx = a, xr = ϕ(r)x, yr = ϕ−1(r)y, (2.1)
Generalized Weyl algebras were introduced and studied by Bavula in [9]. Any
R(a, ϕ) is a Z-graded algebra with R contained in the degree-zero part and
deg(x) = 1, deg(y) = −1. If R is a Noetherian algebra which is a domain and
a 6= 0 then R(a, ϕ) is a Noetherian domain. Noetherian generalized down-
up algebras can be presented as generalized Weyl algebras as follows. Set
a = ud, let R be the commutative polynomial algebra C[h, a] and define the
automorphism ϕ by the rules ϕ(h) = rh− γ and ϕ(a) = sa− f(h). Then
C[h, a] (a, ϕ) ∼= L(f, r, s, γ).
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Henceforth we assume that r is not a root of unity, rs 6= 0 and s 6= ri, for
all i ∈ N. Thus L is Noetherian and conformal, and with no loss of generality
(up to isomorphism) we can also assume that γ = 0. In this case there is a
more convenient presentation of L as a generalized Weyl algebra. Let g be
the unique polynomial (of the same degree and with the same support as
f) such that f(X) = sg(X) − g(rX). Let a = ud and k = a − g(h). Then
C[a, k] = C[h, k] and the automorphism ϕ acts on k by
ϕ(k) = ϕ(a− g(h)) = sa− f(h)− g(rh) = sa− sg(h) = sk.
Therefore, L is presented as the generalized Weyl algebra R(ϕ, k + g(h)),
where R = C[h, k] and ϕ is the automorphism of R defined by
ϕ(h) = rh, ϕ(k) = sk. (2.2)
The relations are thus:
xy = sk + g(rh), yx = k + g(h), (2.3a)
xp(h, k) = p(rh, sk)x, yp(h, k) = p(r−1h, s−1k)y, (2.3b)
for all p(h, k) ∈ C[h, k]. L(f, r, s, 0) is recovered from R(k + g(h), ϕ) by the
isomorphism h 7→ h, k 7→ ud− g(h), x 7→ d, y 7→ u.
3. Skew derivations on generalized down-up algebras
For any algebra A, a (right) skew derivation or a σ-derivation is a pair (∂, σ)
consisting of an algebra endomorphism σ : A→ A and a linear map ∂ : A→
A that satisfies the σ-twisted Leibniz rule, for all a, b ∈ A,
∂(ab) = ∂(a)σ(b) + a∂(b). (3.1)
A skew-derivation is said to be inner if it is given by a twisted commutator
with an elemnent of A, i.e. for all a ∈ A, ∂(a) = bσ(a)− ab.
In [1, Theorem 3.1] we constructed a large class of skew derivations on
arbitrary generalized Weyl algebras. The aim of this section is apply this
construction to Notherian conformal generalized down-up algebras.
Let A = R(a, ϕ) be a generalized Weyl algebra. Any algebra authomor-
phism σ of R such that
σ ◦ ϕ = ϕ ◦ σ and σ(a) = a, (3.2)
can be extended to an automorphism σµ of A by setting,
σµ |R= σ, σµ(x) = µ
−1x, σµ(y) = µy, (3.3)
where µ ∈ C×. The automorphism σµ is called a degree-counting extension
of σ of coarseness µ.
In [1], in addition to general inner skew derivations, two classes of ele-
mentary σµ-skew derivation have been identified:
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(1) c-type derivations. To any w ∈ Z and cw ∈ R, such that
bcw = cwϕ
w(σ(b)), for all b ∈ R, (3.4)
one can associate a (unique if R is a domain) derivation ∂cn on A of
Z-degree or weight w and such that ∂cw (R) = 0.
(2) α-type derivations. For any w ∈ Z \ {0}, any ϕw ◦ σ-skew derivation
αw of R such that
αw ◦ ϕ = µϕ ◦ αw, (3.5)
can be (uniquely) extended to a σµ-skew derivation ∂
α
w of A of Z-degree
w such that ∂αw(x) = 0 if w > 0 and ∂
α
w(y) = 0 if w < 0. Also a σ-
skew derivation α0 satisfying (3.5) and such that α0(a) = ca, for some
c ∈ R such that bc = cσ(b), for all b ∈ R, can be extended to a σµ-skew
derivation of A of the Z-degree or weight zero.
We now specify to conformal Noetherian generalized down-up algebras
L = L(f, r, s, 0) viewed as generalized Weyl algebras C[h, k](ϕ, k+g(h)). Our
standing assumptions are that the parameters r, s ∈ C are neither zero nor
roots of unity and s 6= ri, for all i ∈ N.
The identity map is the only automorphism of C[h, k] that satisfies (3.2).
Its extension to the whole of L is thus given by:
σµ(h) = h, σµ(k) = k, σµ(x) = µ
−1x, σµ(y) = µy. (3.6)
This automorphism is non-trivial if and only if µ 6= 1, which we assume from
now on.
Since σ is the identity map, the w-fold self-composition of ϕ (2.2), ϕw ,
sends a polynomial p(h, k) to p(rwh, swk), and C[h, k] is commutative, the
equations (3.4) can only be satisfied non-trivially if w = 0. Consequently,
there are only weight zero σµ-skew c-type derivations of L:
∂c0(x) = c0(h, k)x, ∂
c
0(y) = −µc0(r
−1h, s−1k)y, (3.7)
for any c0(h, k) ∈ C[h, k]; see [1, Lemma 3.3]. This derivation is inner, pro-
vided there exists p(h, k) ∈ C[h, k] such that
c0(h, k) = µ
−1p(h, k)− p(rh, sk). (3.8)
By comparing the coefficients at powers of h and k, one easily finds that (3.8)
can be solved if, and only if,
µ−1 6= rβsγ , for all (β, γ) ∈ supp(c0(h, k)).
Therefore, if µ = r−βs−γ for some β, γ ∈ N, then c0(h, k) ∼ hβkγ gives rise
to a non-inner skew derivation (3) on L that vanishes on C[h, k].
To construct α-type derivations we need to consider skew derivations αw
of C[h, k] twisted by ϕw. Any such skew derivation is fully determined by its
values on generators of C[h, k], i.e. there exists a unique ϕw-skew derivation
αw which on h and k is equal to any chosen pair of elements of C[h, k], say
αw(h) =
∑
i,j
αwh,i j h
ikj , αw(k) =
∑
m,n
αwk,mn h
mkn. (3.9)
Skew derivations on down-up algebras 5
The value of αw on any polynomial is then obtained by applying the ϕ
w-
twisted Leibniz rule. The resulting skew derivation αw satisfies condition
(3.5) if and only if this condition is satisfied for αw evaluated on generators
of C[h, k]. This in turn is equivalent to equations,
r
∑
i,j
αwh,i j h
ikj = µ
∑
i,j
risjαwh,i j h
ikj , (3.10a)
s
∑
m,n
αwk,mn h
mkn = µ
∑
m,n
rmsnαwk,mn h
mkn. (3.10b)
Equations (3.10) yield the following constraints:
risj =
r
µ
, (i, j) ∈ supp(αn(h)); r
msn =
s
µ
, (m,n) ∈ supp(αn(k)), (3.11)
where, for any polynomial pi ∈ C[h, k], supp(pi) denotes its support, defined
as the set of all pairs (m,n) ∈ N, for which pi has a non-trivial hmkn-term.
Constraints (3.11) restrict the supports of αw(h) and αw(k) as well as possible
values of µ. Set
r = sb1 , µ−1 = sb2 , where b1 ∈ C× \ {
1
q
| q ∈ N×}, b2 ∈ C×. (3.12)
The removal of zeros and the fractions 1/q ensures that s is not a natural
power of r, which is one of our standing assumptions (needed for L to be both
conformal and Noetherian), and that µ 6= 1. Note that the vector b := (b1, b2)
is not determined uniquely by r, s and µ. Solving constraints (3.11) we obtain
the following forms of αw(h) and αw(k):
αw(h) =
∑
i∈I
αwh,ih
ikb2+(1−i)b1 , αw(k) =
∑
m∈J
αwk,mh
mkb2−mb1+1, (3.13)
where I and J are any finite subsets of
Ib := {t ∈ N | b2 +(1− t)b1 ∈ N}, Jb := {t ∈ N | b2− tb1 +1 ∈ N}, (3.14)
respectively. What Ib and Jb are depends on b = (b1, b2). For example if b1
is a negative integer and b2 is a positive integer, then Jb = N, while Ib = N
if b2 ≥ −b1 and Ib = N \ {0} otherwise. If b1 is a positive integer or if b2 is
negative, then the indexing sets Ib or Jb could become finite or even empty.
For example, if both b1 and b2 are positive, then
Ib=


{0, 1} b1 > b2,
{0, 1, 2} b1 = b2,
{0, . . . , q+1} b1 < b2,
Jb=


{0} b1 > b2 + 1,
{0, 1} b1 = b2, b2 + 1,
{0, . . . , q+δρ,b1−1} b1 < b2,
where q is the quotient and ρ the remainder of the division of b2 by b1.
If b1 is positive and b2 is negative such that b1 < |b2|, then Ib = ∅, hence
there are no solutions to (3.11).
The sets Ib and Jb may be non-empty even if the components of b are
not integral. For example, if b1 = b2, then 2 ∈ Ib and 1 ∈ Jb.
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The formulae (3.13) and (3.14) lead to all possible elementary α-type
σµ-skew derivations of non-zero weight on L, which in view of [1, Lemma 3.2]
take the following form:
∂αw(p(h, k)) =
{
αw(p(h, k))x
w w > 0,
αw(p(h, k))y
−w w < 0,
(3.15a)
∂αw(x) =
{
0 w > 0,
µ−1αw(sk + g(rh))y
−w−1 w < 0,
(3.15b)
∂αw(y) =
{
µαw(k + g(h))x
w−1 w > 0,
0 w < 0,
(3.15c)
for all p(h, k) ∈ C[h, k]. Linear combinations of skew derivations, and (3.15)
contain all non-inner derivations of a Noetherian conformal down-up algebra
L(f, r, s, 0) twisted by the automorphism (3.6) and vanishing on x or y or
both h and k.
In the weight-zero case in addition to (3.11), one also needs to require
that α0(k+ g(h)) contains factor k+ g(h). In contrast to the non-zero weight
case the values of α0 on h and k depend heavily on the choice of g(h), and
we take this as an excuse for not including them here.
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